We have extended the enumeration of self-avoiding walks on the Manhattan lattice from 28 to 53 steps and for self-avoiding polygons from 48 to 84 steps. Analysis of this data suggests that the walk generating function exponent γ = 1.3385 ± 0.003, which is different from the corresponding exponent on the square, triangular and honeycomb lattices. This provides numerical support for an argument recently advanced by Cardy, to the effect that excluding walks with parallel nearestneighbour steps should cause a change in the exponent γ. The lattice topology of the Manhattan lattice precludes such parallel steps. c 1998 Elsevier Science B.V.
Introduction
In a recent paper, Cardy [1] using arguments based on conformal invariance theory, predicted, among other things, that the critical exponent γ characterising the exponent of the self-avoiding walk (SAW) generating function for oriented, interacting SAWs is temperature dependent. (Oriented SAWs are SAWs with a direction attached to the whole walk, which in turn is associated with each step of the walk.) More specifically, if one associates a repulsive, short-ranged interaction between steps of the walk that are oriented parallel to one another, one expects to find the partition function exponent (denoted γ) changing continuously with temperature, while the radius of gyration exponent, (usually denoted ν), remains unchanged. Through the hyperscaling relation dν = 2−α, we hence expect the exponent α, characterising the self-avoiding polygon generating function, to also remain unchanged. (This is immediately obvious if one considers polygons on the square lattice, for which there cannot be any parallel neighbours.)
We recently [2] presented an extensive study of oriented, interacting square lattice SAWs, based on enumerations to 29 steps. We found evidence of the predicted dependence, but unfortunately it was not a dramatic effect, in that the change γ(T = 0)−γ(T = ∞) was about 0.01, or less than 1%. This is the change in the critical exponent if we exclude all walks with any parallel interactions.
It follows that if there exists a lattice on which neighbouring parallel steps are not possible we should encounter the same order of magnitude change in the critical exponent, since the lattice topology now introduces the same effective repulsion as in infinitely repulsive square lattice walks. Two two-dimensional lattices which have this property are the Manhattan lattice and the L-lattice. (In Appendix B we show how the arguments of Ref. [1] may be generalised to these lattices). For the Manhattan lattice, the SAW series were previously known to 28 terms [3] , and for the L-lattice [4] to 44 terms. An early analysis [5] gave γ(Manhattan) ≈ 1.320 and γ(L) ≈ 1.350. These estimates are obviously too imprecise to shed any light on the problem.
On the other hand, several groups of authors [6111] have subsequently studied the problem of interacting oriented SAWs. They have extended the original exact enumeration study [2] with careful transfer matrix and Monte Carlo studies. While clarifying the phase diagram they find little evidence for the prediction of Cardy [1] concerning the continuously changing exponent γ. In addition they attempted to provide some theoretical explanation for this lack of confirmation of the theory. Below we discuss these arguments and provide an alternative reason for the numerical results. We also examine the exact enumeration and series analysis for the related problem (as mentioned above) of SAWs on the Manhattan lattice in another attempt to provide numerical evidence of a shift in the exponent γ. The results provide good support for Cardy's theory, though the evidence is not incontrovertible. Accordingly, we have substantially increased the length of the series for both SAWs and polygons on the Manhattan lattice. For the SAWs, we have used a straightforward back-tracking algorithm, but implemented this on a small Intel Paragon supercomputer, enabling enumerations to 53 steps to be calculated in a reasonable time. For the polygons, we have used the finite-lattice method, as described in [12] , in which 48 step polygons were obtained, but improved as described below. The improved algorithm, plus advances in computers in the intervening decade, allow polygons of perimeter 80 steps to be enumerated. By showing that the first incorrect term given by the finite lattice method is incorrect by an amount given by the number of convex polygons on the square lattice, which are exactly known, we have obtained an additional term, so that we have 84 step enumerations.
The primary purpose of the polygon enumeration is that the long series enables a quite precise estimate of the connective constant to be made. This is then used in the analysis of the SAWs. The biased analysis of the SAWs then permits a more precise estimate of the exponent γ to be made. In this way we find µ = 1.733535 ± 0.000002 and γ = 1.3385 ± 0.003.
As the critical exponent for square lattice SAWs [13] is 43/32 = 1.34375 it seems likely that the critical exponent for the Manhattan lattice is different, supporting and making more precise the observations of [2] . A more comprehensive analysis, based on the asymptotic form of the susceptibility coefficients, strengthens this conclusion.
The make-up of the paper is as follows. In the next section we describe the enumeration of SAWs, and in the following section the enumeration of polygons. The subsequent section gives an analysis of the series. In Section 5 we reanalyse extended square lattice oriented walk data with the same methods used in Section 4 for the Manhattan lattice data. The final section discusses the current state of the theory in relation to the new results we provide. In Appendix A we prove that the correction term to the polygon enumerations is given by square lattice convex polygons.
Enumeration of self-avoiding walks
The enumeration of the SAWs was carried out on an Intel Paragon supercomputer. The Paragon consists of 55 independent compute nodes (processors) which each have their own memory and are connected via a high-speed 'node interconnect network'. This means that for most applications, you can think of each node as being fully connected to all other nodes.
By exploiting the symmetry of the Manhattan lattice, we were able to divide our enumerations up among the available processors by programming each of the 139 distinct configurations of length 9 into each processor. (As we have only 55 processors available, three separate runs were make using 46, 46 and 47 nodes, respectively). Each of these runs produced a speed-up of about 38, resulting in a parallelisation of nearly 81%.
(If the Paragon had the full 139 nodes available, a speed-up of 114 would have been possible).
Each processor counted the number of walks w n for n = 10 . . . 53 whose configurations contained one of the 139 nine-step patterns at the beginning of the walk using a simple backtracking algorithm [4] . Finally, global additions between processor resulted in the final totals. Because of the feature of very little communication throughout the algorithm, our algorithm is nearly fully parallelised.
In this way we obtained the enumerations shown in Table 1 .
Enumeration of self-avoiding polygons
The Manhattan lattice polygons are enumerated using the finite lattice method as described by Enting and Guttmann [12] . The program has been subjected to some minor technical modifications, drawing on improvements made in the course of our Table 1 The number of walks wn on the Manhattan lattice up to length n = 53 n w n/2 n w n/2 n w n/ 2   1  1  19  43106  37  1058544744  2  2  20  75396  38  1852200487  3  4  21  132865  39  3241111183  4  7  22  234171  40  5653133990  5  13  23  412731  41  9881311436  6  24  24  721433  42  17273983512  7  44  25  1267901  43  30199278540  8  77  26  2228666  44  52652493201  9  139  27  3917654  45  91964600384  10  250  28  6843596  46  160645950194  11  450  29  12004150  47  280636185403  12  788  30  21059478  48  489116742528  13  1403  31  36947904  49  853776966616  14  2498  32  64506130  50  1490455491081  15  4447  33  112983428  51  2602057537031  16  7782  34  197921386  52  4533660722293  17  13769  35  346735329  53  7909561970564  18  24363  36  605046571 more recent studies of square lattice polygons. These are: (i) use of 'base-3' indexing for representing bond configurations, to avoid overflow problems at large widths; (ii) data-modularisation to aid transfer of the program between machines with different hardware limitations; (iii) restart capability; and (iv) dynamic allocation of storage in the transfer matrix calculations, so that storage from the 'old' vector is released as early as possible and made available for building up the 'new' vector. However, the basic algorithm remains as described by Enting and Guttmann [12] , i.e. a direct generalisation of the original polygon enumeration procedure [14] , taking account of the different Manhattan lattice vertex types and their respective restrictions on possible bonds. The various changes to the programs are directed at saving memory and most likely involve small penalties in run-time. The improvements in run time relative to the 1985 study reflect improved computer hardware. Of the space-saving modifications, the dynamic allocation of storage is of particular importance for the Manhattan lattice enumerations. The constraints on bond directions mean that many of the configurations needed on the square lattice can not occur. However, as the 'transfer-matrix' technique adds one site at a time, the partial lattice includes one vertical bond (a different one at each successive step) and so the requisite sub-set of square lattice configurations differs at each step. In this circumstance, dynamic allocation of storage provides a significant saving.
As in previous polygon enumerations, the finite lattice method determines polygons that can be embedded in finite rectangles of width W bonds and length L bonds. (Note that only odd values of W and L are relevant for the Manhattan lattice). An inclusion- 15 , in order to save memory. After four runs, with four different primes, integers up to 2 60 can be uniquely reconstructed using the Chinese remainder theorem. In this way we obtained the counts p n shown in Table 2 . Note that only polygons whose perimeter is an integral multiple of 4 may be embedded on the Manhattan lattice.
Series analysis
We have analysed the SAW series by the method of differential approximants, evaluating both unbiased and biased approximants. The method used is precisely that described in [15] . From unbiased approximants we estimate γ = 1.332 ± 0.005 and 1/µ = 0.57684 ± 0.00001. This is a combination of results obtained from both first-and second-order differential approximants. As usual, the quoted errors represent twice the standard deviation of the estimates of the quantities estimated, and as such are not rigorous bounds. It is significant that the estimate of γ is about 1% lower than the corresponding estimate for square lattice SAWs, obtained from a series of the same effective length.
A similar unbiased analysis of the polygon series resulted in the estimates 1/µ = 0.576856±0.000003 and α = 0.4996±0.0026. If we bias the approximants by imposing the value α = 0.5 and impose the linearity that is observed to exist between estimates of the singularities and exponents, we then estimate 1/µ = 0.5768560 ± 0.000001, which we take to be our final estimate.
Using this estimate of µ to bias estimates of γ we obtain γ = 1.337 ± 0.002 from first-order approximants, γ = 1.339 ± 0.003 from second-order approximants, and γ = 1.3385 ± 0.003 from third-order approximants. These results, taken at face value, would preclude the conclusion that γ = 43/32 = 1.34375. However, there is a trend in the data that weakens this conclusion. If we had only 34 terms of the series, our estimate of γ from second-and third-order approximants would be around 1.336. With 44 terms this would increase to 1.3375 or 1.338 and with 54 terms our estimate, as noted above, is 1.339. It is clearly possible that with an arbitrarily long series this trend could push up the estimate of γ to the value known to hold for the square lattice, viz. 1.34375.
For the square lattice, for which the longest series are available, a similar trend is observable. Using the 51 term square lattice series given by [16] , we find that the biased estimate of γ is 1.34365 with a 31-term series, 1.34370 with a 41 term series and 1.34375 with a 51 term series. We also see that the many higher-order approximants are defective, but that does not seem to affect the accuracy of the estimates. A similar pattern is observed for the Manhattan walk series.
The most likely explanation of this phenomenon is that we are fitting very long series to a functional form that we know is incorrect. That is to say, we have clearly demonstrated that the generating function for SAWs is not differentiably finite [16] , yet we are forcing the coefficients to fit a differential equation of that form. With fewer coefficients this is numerically easier to do, but with very long series the method of analysis is essentially telling us that this is the wrong underlying form. These considerations apply also to the polygon generating function, but less forcefully, due to its simpler algebraic structure. Thus while we can actually show that the generating function for polygons is not differentiably finite, its singularity structure is sufficiently simple 1 there being no non-analytic correction-to-scaling exponent, that the D-finite approximants can better represent the underlying function. While the above remarks are clearly speculative, they are both consistent with our observations and the only plausible explanation we can put forward for the observed behaviour.
In [16] we used an alternative method of analysis which relied on assuming the underlying asymptotic form, which is a weaker assumption in some sense than assuming that the underlying solution is D-finite. Accordingly, we repeat that analysis mutatis mutandis for the Manhattan SAW generating function.
Since the polygon generating function has non-zero coefficients for polygons of perimeter 4n, it follows that the SAW generating function, which has non-zero coefficients for SAWs of all lengths, has four singularities on the circle |x| = x c , at x = ±x c , ±ıx c . It follows that the generating function behaves like
where A, B, C, D, E, F are smooth functions. In our analysis of square lattice SAWs, we found the sub-dominant exponents ∆ = 3 2 and Λ = 1. As we have no reason to believe that these are non-universal, and even if they were, they are unlikely to be too different from the square lattice SAW values (given that the apparent difference in the leading exponent is less than 1%) we will assume these values for the Manhattan SAW series too. The last term, which is not present in the case of square lattice SAWs follows from the fact that polygons only occur with perimeter 4n. Careful study of the unbiased approximants to the walk generating function indicates the presence of this conjugate pair of singularities, with exponent Θ ≈ 0.5. A biased analysis, assuming that the critical point is at ±ıx c gives Θ = 0.54 ± 0.04. Hence the asymptotic form of the coefficients is given by
for n even.
In the absence of any reason to suspect the contrary, we assume only analytic corrections to the contribution of the singularities on the imaginary axis. For n odd, a similar expansion holds with n/2 replaced by (n + 1)/2. We will consider the odd and even subsequence of SAW coefficients separately. For n even we have
For n odd we have
Note that the antiferromagnetic singularity has "folded in" to the ferromagnetic singularity, as ∆ = 1.5. So the amplitudes for the odd-and even subsequence will not all be the same. To be more precise, they will differ by a factor of x c by their definition, and after taking this fact into account, a e 3 from the even subsequence should not be equal to a o 3 . They should in fact differ by an amount equal to 2b 1 . Similar comments apply Table 3 A fit to the even subsequence with γ = 1.3385, and Θ = 1.54 and ∆ = 1.5 and Λ = 1 to the higher-order amplitudes. However, our purpose here is to identify γ, the leading amplitude, so we will not dwell on these less important aspects, except to point them out. A fit to the even subsequence of the SAW generating function, with 1/µ = 0.5768563 1 which is just about at the centre of our estimated range 1 and with γ = 1.3385, Θ = 1.54, ∆ = 3 2 and Λ = 1 as explained above, is shown in Table 3 . Convergence is seen to be very satisfactory. Note in particular the four digit stability of the estimates of a e 1 , the two digit stability of the estimates of a Table 4 we give the corresponding results for the odd subsequence. Convergence is again seen to be satisfactory. As for the even subsequence we observe Table 5 A fit to the even subsequence with γ = 1.34375, and Θ = 1.54 and ∆ = 1.5 and Λ = 1 Table 5 we give the corresponding results for the even subsequence, with the sole change that the estimate of γ is set to 43 32 , the square lattice SAW value. Convergence is seen to be substantially worse than that seen in the tables above. We observe a smooth downtrend of the estimates of a Thus with these values of the parameters, it is clear that γ = 1.3385 is strongly preferred over γ = 1.34375. We now show that this conclusion does not change if we alter the various parameters within a reasonable range.
In Table 6 we give the results for the even subsequence, with the sole change from Table 3 being that the estimate of x c = 3.005133.
It is apparent that while the numerical values of the amplitudes change slightly, the overall quality of the fit is largely unchanged. The poorer fit observed with a change of γ to the square SAW value persists with a change of critical point, (though to save space we do not tabulate that fit.)
Our final table shows the result of changing our exponent estimate of Θ from the observed 1.54 to the more appealing simple rational fraction 3 2 . The stability of the amplitude estimates is seen to be slightly worse than the corresponding results in Table 3 , and in particular we see a slightly oscillatory trend in the amplitudes a A variety of other combinations of values for the various parameters were tried, but these did not alter our conclusions based on the above tables.
We conclude that we have persuasive numerical evidence in favour of the critical exponent γ for Manhattan lattice SAWs being different to the corresponding result for square lattice SAWs. While the difference is small 1 just less than half of 1%, it is nevertheless seemingly present. It would be most valuable to have a further 10-20 terms of the Manhattan SAW series, but even 10 further terms would require an increase in computer time by a factor of 250 using the present algorithm. 
Re-analysis of oriented square lattice data
We have taken this opportunity to reanalyse the data for oriented square lattice walks at β = −∞, partly to allow a comparison with the Manhattan data analysis, and partly to make use of the five extra series coefficients that were recently obtained by Barkema and Flesia [8] . We note in passing that the first new coefficient for 30-step walks with no parallel contacts given by Barkema and Flesia [8] is wrong. It was obtained by subtracting the number of 30-step walks with at least one parallel contact from the total number of walks (given in [17] ), and it appears that this subtraction was erroneously reported. The correct coefficient should be, for 30-step walks with no parallel contacts, 4113237913603.
With this correction, we reanalyse the data using the best estimate for the critical point, as previously reported in Bennett-Wood et al. [2] and the exact exponents for unoriented SAWs, as given by Conway and Guttmann [16] . The results are shown in Table 8 . Note that there is no four-term periodicity, coming from the formation of polygons, in the square lattice SAW. Hence, the full sequence, and not just odd or even sub-sequences, have been utilised in the analyses, and also displayed in all the tables of this section.
It can be seen that estimates of the leading amplitude are dropping in the fourth decimal place, and both the sub-leading amplitude estimates are changing in the second decimal place. More significantly, the antiferromagnetic amplitudes are clearly oscillating, which indicates that the ferromagnetic singularity is not correct. The oscillations in the sub-leading antiferromagnetic exponent are particularly severe. In Table 9 we give the corresponding results with γ = 1.3394. Given that the antiferromagnetic exponent should be related to the exponent α, which is not expected to vary with the strength of the parallel interactions, we use the value 0.5 for this exponent.
The improvement in the fitted estimates is considerable. The leading amplitude is changing in the fifth decimal place, the subleading amplitude in the fourth decimal place, and the confluent amplitude is changing in the third decimal place. More significantly still, the antiferromagnetic amplitudes are also quite stable, and show no indication of an oscillation, which would be the hallmark of an incorrect ferromagnetic exponent.
Finally, we repeat the above analysis, mutatis mutandis for oriented two-legged stars on the square lattice. Unfortunately we only have a comparatively short series of 27 terms. For unoriented two-legged stars, the ferromagnetic and antiferromagnetic exponents are increased by exactly 1 over their one-legged star (SAW) counterparts. As we have discussed previously [2] , we expect the change in exponent at β = −∞ for two-legged stars to be three times as large as the corresponding change for SAW.
In Table 10 we give our results for the value of the exponent that leads to the most stable estimates for the amplitudes. This turns out to be γ (2) = 2.3215. This change is in fact nearly 5 times the corresponding change in γ. We do not regard this as significant. Rather the contrary. The fact that this analysis is sensitive enough to point out that the exponent shift in two-legged stars is substantially greater than that for SAW is a significant endorsement of both the underlying theory and our method of analysis. Thus in summary we find, for oriented square lattice SAW with no parallel contacts, an exponent of 1.3395 ± 0.002 and for oriented two-legged stars with no parallel contacts an exponent of 1.3215 ± 0.005. Thus the shift from the unoriented counterparts is 0.004 ± 0.002 1 which is comparable to that found for Manhattan SAW of 0.005 ± 0.003 1 and for two-legged stars of 0.022 ± 0.005.
Discussion
It is now the case that analysis of exact enumeration on both the square and Manhattan lattices has estimated the change in the exponent γ to be of the order of 0.005 in both cases. In contrast, Monte Carlo and some transfer matrix studies [6, 8111, 18] seem to be consistent with no change at all. In particular, the predicted variation of γ with the parallel interaction on the square lattice implies that, in the absence of such an interaction, the mean number of parallel contacts should grow as ln N, with a coefficient of the order of γ (0). Analysis of the Monte Carlo data has led the authors of Refs. [6, 8, 10, 11 ] to the conclusion that this behaviour is not exhibited: rather the mean number of parallel contacts appears to saturate.
It may at first sight seem surprising that methods based on series expansions, which are exact only for the first few terms, can claim to give results as good as, or better than, Monte Carlo analysis that may involve walks of 10 5 or even more steps. However, if the correct asymptotic form is accounted for, that is indeed the case. As an example we cite the situation that prevails for ordinary SAW on the square lattice. In [16] a 51 term series for the walk generating function is derived and analysed to give, for the critical exponent, γ = 1.34367 ± 0.00010 and γ = 1.34372 ± 0.00010 from two different methods of analysis -that is, an apparent error of better than 0.01% in both cases. By way of comparison, a state of the art Monte Carlo analysis, based on walks of up to 80000 steps is reported in [19] . While they didn't estimate γ itself, they did estimate 2∆ 4 − γ, for which they found the value 1.4999 ± 0.0002, an error of a little more than 0.01%.
Our purpose here is not to advance the claims of one method over the other, but rather to point out that they are complementary. When they agree, their (individual) conclusions are strengthened. When, as in the present case, they disagree, it is appropriate to suspend judgement unless one method can be shown to be inappropriate. For the present problem, both methods have weaknesses. The key to this predicted effect can be restated as a question. Is it the case that the mean number of parallel contacts, in the case of the square lattice, grows with ln N? From series work on necessarily short walks it appears that it does. Longer walks, studied by Monte Carlo methods, suggest that the linear behaviour eventually saturates, and that the mean number of contacts grows much more slowly. The field-theoretic argument given toward the end of this section provides one explanation for this phenomenon. Further, we argue that the true asymptotic regime, where this effect will be clear, requires walks of length rather greater than 10 9 steps 1 far outside any possible Monte Carlo or series work. Thus we could surmise that the series approach has captured the correct behaviour as it picks up the first occurrence of contacts, and the Monte Carlo method has got it wrong as it picks up merely repeats of these contacts, rather than independent new contacts. Or we could argue that the series are clearly far too short to be believed, and that so are the Monte Carlo simulations, though they are longer than the series! Such speculations are, ultimately, profitless. Rather, we prefer to let our data and analysis speak for itself, and simply claim that we have found evidence in favour of the predicted effect, but not overwhelmingly persuasive evidence.
There have been no detailed refutations of the original arguments [1] that led to the conclusion that γ should indeed change as the parallel contact energy is varied. An argument advanced in Ref. [10] , based on an interpretation of scale invariance, is, in our opinion, flawed. These authors point out that scale invariance of long SAWs in the plane labelled by polar coordinates (r, θ) implies that they are translationally invariant in ln r. They then assert this means that there are the same mean number of parallel "close encounters" in each annulus ln r 0 < ln r < ln r 0 + ∆, implying that there is a uniform density of such close encounters along the ln r axis. However, these authors assert, parallel contacts on neighbouring lattice bonds correspond to ∆ ∼ 1/r, so that the total number of such contacts is of the order
(1/r)d(ln r) which is finite as N → ∞. This argument, while appealing, is flawed because (a) the notion of scale invariance only applies to properties defined on distance scales much larger than, and independent of, the lattice spacing, since the latter introduces a length scale which clearly violates scale invariance; (b) the term "parallel close encounters" is ill defined, while the notion of parallel contacts clearly refers to a lattice, so its properties under scale transformations are not immediately apparent.
In order to counter this, and perhaps to remove some of the confusion concerning the original argument of Cardy [1] , it may be worth reiterating it in slightly different language. There are two important aspects to this argument. One is the assumption of scale invariance in the continuum limit, that is for properties which become independent of the lattice spacing as it is taken to zero. This is a well-accepted property of critical systems which should also hold for SAWs either in the fixed fugacity ensemble at the critical value of the fugacity, or deep inside large but finite SAWs of fixed length N. The other, however, is a careful identification of the continuum limit of the operator which counts the number of parallel contacts. It is this aspect of the argument which appears not to have been appreciated by the authors of Ref. [10] . Let us begin on the lattice, therefore, by defining a quantity J lat µ (R) (µ = x or y) on each bond R, which takes the values 0, +1 or −1 according to whether the bond is unoccupied, or occupied by a bond parallel or antiparallel to the corresponding axis, respectively. J lat µ is clearly a conserved current on the lattice, and its continuum version J µ must also be conserved. This is defined so that the integral of the current J µ flowing across a line segment is equal to the sum of the lattice currents flowing across the same segment. Thus J lat µ and J µ are related by a factor of the lattice spacing b, and J µ naively has dimension (length) −1 . It is an important property of conserved currents in continuum field theory that they retain their naive scaling dimension. This is because when integrated they must always yield a dimensionless charge (which in this case is the number of upgoing minus the number of downgoing arrows.)
Now the lattice operator
, where (R, R ) are bonds on opposite sides of a lattice square, clearly counts the local density of parallel, minus the density of antiparallel contacts. The difference in these numbers for a given SAW is then given by summing over all such pairs (R, R ). In order to understand how this behaves for large SAWs we must therefore study the continuum limit of this operator. In general this may be a linear combination of all the possible local operators in the continuum theory (in fact, only those which, in the O(n) mapping of the model, are symmetric under O(n) rotations may appear). In order of increasing scaling dimensions, these are the unit operator, which cannot appear since it is non-zero even when there is no SAW in the vicinity, the energy density, and : J 2 :. The energy density couples to the fugacity for each step in the walk, and it counts the number of local contacts, irrespective of their orientation. If such a term were added to the Hamiltonian, the critical value of the fugacity would change, corresponding to the fact that the mean number of such contacts grows like N. Since, for our model, we know this is not the case when we add an energy proportional to the number of parallel contacts only, we conclude that the energy density cannot enter into the continuum limit of the operator which counts parallel contacts only. This leaves : J 2 :. This is the operator generated by the operator product expansion of two continuum currents
where vector indices have been suppressed. It is a particular property of two-dimensional continuum field theory that : J 2 : retains its naive scaling dimension of (length) −2 . What this means is that, in the critical fugacity ensemble, or deep inside a long but finite SAW, the total number of parallel contacts inside a region R, containing many lattice sites, is proportional to R : J 2 : d 2 r, and is actually scale invariant. Thus the number of parallel contacts within this region is O (1) , independent of the size of the region, as long as we stay away from the ends of the walk! This is to be contrasted with the argument of Ref. [10] quoted above, which would suggest that the number would depend strongly both on the size of the region and the distance from one of the ends. For the ensemble of SAWs with ends fixed at r 1 , r 2 the distribution of parallel contacts is given, in the continuum limit, by the ratio of the correlators S(r 1 ) : J 2 (r) : S(r 2 ) and S(r 1 )S(r 2 ) , where S is the magnetisation operator of the O(n) model. In the critical fugacity ensemble this is fixed by conformal invariance to have the form
We see that this is indeed approximately constant far from the ends, but that its integral exhibits a logarithmic divergence as they are approached, so that the total number of parallel contacts behaves as ln(|r 1 − r 2 |/b), translating into a ln N dependence in the fixed N ensemble. We have repeated these arguments in detail in order to show that the derivation of the scaling behaviour of the number of parallel contacts requires several deep results in continuum field theory and is not simply given by naive scaling arguments. While these field theoretic arguments are by no means rigorous, they are generally accepted. Indeed the result that critical exponents should vary when a term proportional to : J 2 : is added to the Hamiltonian is directly responsible for the well-known non-universality exhibited by the two-dimensional XY model and the 1+1-dimensional Lüttinger model.
It is therefore necessary to attempt to explain why the Monte Carlo simulations have apparently found no evidence for the logarithmic growth of the number of parallel contacts. One possible scenario is that the length of the walks so far considered O (10 3 ) is still too short to observe the asymptotic behaviour. An argument for this may be advanced, based on the asymptotic relation between parallel contacts and the winding angle. This is perhaps most easily understood by considering the conformal transformation z → w = (L/2π) ln z to the cylinder on which the coordinates are L ln r and Lθ/2π. An SAW winding around the origin corresponds to one winding around the cylinder. Scale invariance implies translational invariance along the cylinder, and that the typical number of windings in a segment of length O(L) is ±O (1) . The self-avoiding property of the walks also implies that the winding angles in two segments far apart on the cylinder are statistically uncorrelated, so that, by the central limit theorem, the total winding angle for a portion of the cylinder of length L ln r has a normal distribution with a width O((ln r) 1/2 ) for large ln r. This is the well-known result for the distribution of winding angles θ. The width has been calculated exactly by Coulomb gas methods [20] , giving θ 2 ∼ 2 ln(N/b), where b ≈ 3.37 is found from fitting to smaller values of N.
Turning to the occurrence of parallel contacts in the cylindrical geometry, the above field theory argument suggests that in a segment of length O(L), there should be O(1) such contacts. The same statistical argument shows that a segment of length O(L ln r) will then have O(ln r) contacts, for ln r 1. This is of course completely consistent with our result. However, it is clear that walks which do not backtrack along the cylinder must have a winding angle of O(±2π) if they are to have at least one parallel contact. Of course, once they have made such a contact, it is relatively easy for them to make further ones within a finite number of lattice spacings. However, in the continuum limit, all of these will be indistinguishable, their number simply renormalising the unknown coefficient multiplying the continuum operator : J 2 :. It is not, therefore, these type of repeated parallel contacts which are responsible for the predicted ln N growth law: rather it is those which may occur each time the walk increases its winding angle by ±2π. If we now assume that a fraction O(1) of such walks will have O(1) new parallel contacts of this type we see that there must be at least N ∼ 3.37e 2π 2 ≈ 10 9 steps in the walk in order to achieve just one new parallel contact. In order to observe a linear growth law with ln N one would need several powers of at least 10 9 . This is clearly outside the reach of current simulation techniques! The current walks of length 10 3 have not (typically) rotated even by π so will have very few renormalised parallel contacts. It would be interesting to test this scenario by measuring the correlations between parallel contacts and winding angle, or alternatively, to select from the ensemble only those walks which wind by at least ±2π. There would be greater statistical errors in such a procedure, however. 4W max + 6, while not contained in ones of perimeter 4W max + 4, on the Manhattan lattice.)
Convex polygons of length 4W max +8 on the Manhattan lattice can be put into bijection with convex polygons of length 2W max + 6 on the square lattice in the following way. Consider any convex polygon of length 4W max + 8 on the Manhattan lattice with its bounding rectangle. Any straight section of the polygon will contain an even number of steps except the 4 pieces that lie on the bounding rectangle which must have an odd number of steps (see Fig. A.1) . These constraints occur due to the Manhattan lattice orientations. Hence one can consider a map M that halves the length of each straight section of such a polygon except the parts lying in the boundary. The map takes these pieces lying in the boundary of length 2 + 1 and returns a section of length + 1. From these pieces a new convex polygon can be constructed and it will be of length 2W max + 6. Importantly the self-avoidance constraint is automatically satisfied when reconstructing since the polygon obtained is convex (see Fig. A.2) . The inverse map M −1 certainly exists and so this correspondence is one-to-one and onto. Note that an attempt to provide a similar mapping for 'almost convex' polygons on the Manhattan Fig. A.3 . A non-backtracking walk on the cylinder with a parallel contact must have a winding angle of ±2π in order to achieve this. Once this happens, further parallel contacts are more likely to occur within a finite number of lattice spacings.
lattice, in principle which would allow further correction terms, is complicated by the self-avoidance constraint.
Appendix B. Field theory argument for Manhattan and L-lattices
It is possible to interpolate continuously between the ordinary square and the Manhattan or L-lattice by adding a term to the Hamiltonian of the form for the L-lattice. In each case, λ = 0 gives the usual square lattice and λ → ∞ corresponds to the fully directed lattice. To first order in λ the effect of these oscillating terms averages to zero in any physical quantity. However, to second order there are unmodulated terms which will survive in the continuum limit, when they will again be proportional to the operator : J 2 : and hence give rise to a continuously varying γ. For small λ this effect will be even weaker than that predicted for the square lattice with parallel interactions, since it is O(λ 2 ), but for infinite λ it is expected to be of the same order of magnitude.
